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LETI‘ER TO THE EDITOR 

Parisi solutions for the m-vector spin glass in a field 

David Elderfield and David Sherrington 
Physics Department, Imperial College, London SW7 2BZ, England 

Received 21 May 1982 

Abstract. An m -vector classical spin glass in a field is studied at the mean-field level in 
terms of a Parisi replica symmetry breaking scheme. Solutions for the mean-field equations 
are presented which have important consequences for the irreversibility of the spin glass 
phase and clearly indicate the relevance of reduced temperatures scaling as H2, H, H2’3. 

Currently it is widely accepted that the onset of irreversibility at a spin glass transition 
may be interpreted in terms of spontaneous breaking of replica symmetry in a 
mean-field theory in which physical disorder is mapped into an interaction between 
replicated spins in an effective pure system. For the m-vector model in a field Cragg 
et a1 (1982) have explicitly demonstrated that the replica symmetric solution (Gabay 
and Toulouse 1981, to be referred to as GT) is thermodynamically unstable throughout 
the whole spin glass phase T<TGT ( T G T ( O ) - T G T ( H ) ~ H ~  for small H) but have 
speculated that longitudinal irreversibility may be weak until a substantially lower 
temperature, (TGT(O) - T) for small H. Recent experiments (Chamberlain et 
a1 1982) support the view that significant longitudinal irreversibility sets in at a 
temperature with the H2I3 scaling. In order to understand the origin of these features 
better we present a replica symmetry broken description for the problem, based on 
the work of Parisi (1979a, b) for the Ising case. We give explicit solutions around 
the isotropic critical point which demonstrate the relevance of the various ranges of 
the reduced temperature t = (TGT(0) - T) - H 2 ,  H, H2’3 and vindicate the speculations 
of Cragg et al. 

For simplicity we base our mean-field analysis on a Sherrington-Kirkpatrick (1975) 
model 

sVe=-CJijS, * S j - H C S i l  (1) 
i J  i 

where the spins are classical m-dimensional vectors with /SI2 = m and the Jij are 
quenched independently random exchanges of infinite range distributed with mean 
zero and variance J/  JN.  The field H is chosen in the Cartesian CL = 1 direction. 

Using the replica trick we follow GT and obtain the free energy per spin in the 
thermodynamic limit in the form 

f =  -T n - r O  lim n-’ max{F(p”’, qas, x u ) }  (2a) 
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where the free energy functional to be maximised is given by 

... 

Here the superscripts a, p = 1, . . . , n are replica labels, the notation (a@) denoting 
a pair of different labels. For convenience, units have been chosen such that J = ke = 1. 

The replica symmetric (RS) solution has 

all a, p (3) 

pa@ = p = 

X a  = x = ((SI)-- l ) / ( m  - 1) 

= 1 - T A ~  + (m  - 1 ) x  ff # P  
--T 

where ( )  and - denote respectively thermal and disorder averages and x ; ,  x k  the 
longitudinal and transverse focal differential susceptibilities. For H # 0 p and x are 
everywhere non-zero while q has a transition from zero (paramagnet) to non-zero 
(transverse spin glass ordering) at 

(4) 

As Cragg et a1 have shown, for T < TGT the RS solution is, however, no longer stable. 
Within the Ising model a scheme to deal with RS breaking has been proposed by 

Parisi (1979a, b). We now present an analogous scheme for the present problem near 
the isotropic critical point H = 0, T = 1 (for a related scheme with H = 0 and including 
axial anisotropy see Elderfield and Sherrington (1982)). In Parisi's theory p and q 
are replaced by real functions p ( r ) ,  q ( r )  on the interval (0, 1). The thermodynamic 
differential local susceptibilities are given by 

TGT = 1 - ( m  + 4m + 2)Hz/4(m + 2)2 + higher orders in H. 

1 

Tx ; = 1 + T 2  ( ( m  - 1)x  - lo dr p ( I ) )  Tx: = 1 - Tz(  x + lo1 dr q ( r ) )  ( 5 )  

while 
7 l r + l  

= T Z  max p ( r ) =  T2p, (S,) = T Z  max q ( r ) =  T'q,,,. (6) 

The substitution of (6) into the final parts of the first two lines of (3) yields the 
corresponding linear response susceptibilities. The difference between the thermo- 
dynamic and linear response susceptibilities is a measure of irreversibility. 

Within the Parisi analysis 

f = -T mintF(p(r), q ( r ) ,  X I )  

where 

F ( q ( r ) , p ( r ) ,  x )  
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1 
4 +-(m-1) 

+ l [ r - 2 h 2 ( S ) ]  4 lo1drp2(r) 

+' 2 h2[ ( lo1 drp 0))2 + jol drp2(r)] -a m ( m  - I)( r + 2 

1 
+ 6 - (m - 1) Jo' dr ( rq3(r) + 3q(r) I 0 dw q2(w )) 

1 

Jo drq4(r) 
1 (m -l)(mZ-2) 1 (mZ-2m-2) 1 

-- dr p4(r) + - 
8 (m+2)' lo 8 (m+2)2 

+ o ( ~ ~ , ~ ~ , ~ ~ ,  . J. (7) 
We have absorbed a factor T-' into q, p, x and r = TZ- 1, hZ = H 2 / T 2 .  

to give 
At the extrema the uninteresting quadrupolar order parameter x can be eliminated 
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To solve these equations it is useful to follow Parisi and generate the following 
integro-diff erential equations by direct differentiation with respect to r, 

where to O(p2, 4 2 , p 4 ,  . . .) the characteristic functions A, B, C are given by 

1 

+3q(y) JYdwq2(w)+3q2(y) 0 r dwp(w))] +. . . 
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As in the Ising case the functions A, B, C are closely related to the stability matrix 
S in the restricted space of order parameters p ( r ) ,  q ( r )  (Thouless er a1 1980) 

1 x >o  
(0  otherwise. 

Stability requires that all the eigenvalues of S are non-negative. 
Let us now discuss the solutions for p ( r ) ,  q ( r ) .  As T is lowered progressively from 

high temperatures we find ( 1 )  T > T G T ( h ) ;  the phase is paramagnetic; q = 0, p ( r )  = 
constant (= h / J 2  for T << h ) .  ( 2 )  h213 >> (71 >> T G T ( h ) ;  at the transverse spin glass transi- 
tion the stability matrix S softens in the direction controlled principally by B(q) ,  
leading to RS broken solutions of the form of figure 1 which are smoothly modified 
as T is reduced until in the regime h213 > > ( T I  >> h the large r behaviour is isotropic 
(figure 2 ) .  

r 

F l p c  2. 
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Throughout the region ) ~ ) < < h ~ ’ ~  RS breaking is dominantly transverse and to 
leading order ( T ~ ~ =  1) 

and 

(3) 1 ~ 1 > h ~ / ~ ;  as 171 passes through the h2’3 domain the fluctuations controlled 
principally by A (p) become of dominant importance, leading to change in the analytic 
character of the solutions. In particular near the origin r = 0 we observe that for 
stability 

(20) 

whence, as 7 increases further, pL is effectively pinned, as in the Ising case. For the 
Ising system this bound is saturated leading to pL = p *  for all 171 P h2’3; here we make 
the ansatz 

(21) 

in order to decouple (10) at the origin and retain this feature. A complete description 
of the behaviour near 171 = h2’3 has to date proved illusivet, however, qualitatively 
we find the position shown in figure 3, where now additionally for r ( 7 )  > r >> h2’3 the 
solution is isotropic; 4 ( r )  = p ( r )  = :(m + 2)r + O(r2). Finally, therefore, €or / T I  >> h2l3 
the system is essentially fully isotropic as shown in figure 4 with effects due to the 
magnetic field confined to a small domain O(h2’3) at the origin. 

p l  s &(m + 2)2h 

(m - 1) lim r-0 (qq’/p’) = 0 

r (TI -T 

Figure 3. 

T I T I  

Figure 4. 

r 

t Equations (lo), (11) place strong constraints on the behaviour at r = 0; in particular the simplest solution 
p = constant + ra, q = r b  is unacceptable for all a, b if 171 >> h2’3. 
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Due to the strong coupling of transverse and longitudinal aspects for 1 ~ 1 > h ' / ~  
explicit calculations will demand extensive numerical work except where the decoup- 
ling between thermal and magnetic effects can be put to use. For example, in the 
difficult 1.1 > hz'3 regime the longitudinal local susceptibility ,yL is given by (3, (8) as 

+... I 3 hZ 
X L = l - -  (m +2)'PL--2P, 

where we would expect pL of order h2j3 and relatively insensitive to the temperature. 
If the ansatz (21) is confirmed, as seems likely, we obtain 

1/3 1 
h 4 I 3 + .  . . I 

x ~ = 1 - 3 ( & )  (m + 2)2/3 

which is strikingly different from the linear response expression 

+ o(?~). 1 3 T 2  
XL(LR) = 1 --- 

(m +2) 4 

For IT I << h ' I 3 ,  where RS breaking occurs predominantly in the transverse modes, 

where at this order TGT= 1. At scales 171 >> h the local susceptibility is therefore 
essentially isotropic 

More importantly, for 171 << h2I3 we should expect irreversibility to be markedly greater 
in the transverse rather than longitudinal direction since 

(m + 

XT - -xT(LR)=~-  (m + 2)' (T/2)2+ . . . I 1  

(26) 

Finally, some comments about the thermodynamic instability of our solutions are in 
order. Returning to (lo), (11) we see that consistency demands 

AB = c2 (27) 
whence in the stability matrix S there are modes for which the local contribution 
vanishes identically, leaving 

Extending the work of Thouless et a1 (1980) we should thus expect to observe a 
marginal stability, although only for I T (  << h2I3 has this been checked. 

A related study has been carried out independently and simultaneously by Gabay 
et a1 (1982). Where they overlap, our results are in broad agreement. 
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